For univalent and normalized functions f the logarithmic coefficients γn(f ) are determined by the formula log(f (z)/z) = ∞ n=1 2γn(f )z n . In the paper [11] the authors posed the conjecture that a locally univalent function in the unit disk, satisfying the condition
Introduction
Let A denote the class of holomorphic functions in the open unit disc D = {z : |z| < 1} on the complex plane C of the form (1.1) f (z) = z + ∞ n=2 a n z n (z ∈ D) .
The subclass of A consisting of all univalent functions f in D, is denoted by S. By CV and ST we denote the subfamilies of f ∈ S of convex and starlike functions (resp.). 2γ n (f )z n (z ∈ D) , is well defined and γ n (f ) are called logarithmic coefficients of f [2] . The importance of the logarithmic coefficients follows from the long-known LebedevâĂŞMilin inequalities, where estimates of the logarithmic coefficients were used to find bounds of the coefficients of f . Differentiation of (1.2) and equation coefficients of both sides implies
The classical coefficients bound and use of the Fekete-Szegö inequality in S yields the sharp estimates
Despite this the problem of the best upper bounds for |γ n (f )| (n = 3, 4, ...) in S is still open.
To be closer to the accurate solution the estimates of |γ n (f )| are found in many different subclasses of S. For example in the class of univalent and starlike functions the sharp bound |γ n (f )| ≤ 1/n holds true, however it is not true in whole class S. Although, the Koebe function k(z) = z 1 − e iθ z −2 for each real θ, has logarithmic coefficients γ n (k) = e inθ /n (n ≥ 1) then there exists a bounded, univalent function f with γ n (f ) = O n −0.83 (see, for example [2, Theorem 8.4] ). Logarithmic coefficients problem was also considered in the classes G(λ) and N (λ), defined below, and a partial results were obtained [11] . We remind that a locally univalent function f is a member of G(λ) (0 < λ ≤ 1), if it satisfies the condition
Between G(λ) and N (λ) it holds the standard Alexander relation: f ∈ G(λ) if and only if zf ∈ N (λ).
The class G(λ) was studied by several mathematicians; for example Masih et al. proved that functions in G(λ) are close-to-convex and univalent in D [7] (see also [10] ). Umezawa discussed a general version of the conditions (1.4) and (1.5) [16] . The functions from the family G(λ) are starlike, see e.g. [12, 15] and also [3] . Recently, Ponnusamy et al. [13] proved the sharp estimates for the initial logarithmic coefficients of f ∈ G(λ)
with the equality attained for the function f such that f (z) = (1 − z n ) λ/n (n = 1, 2, 3). Also, they posed the conjecture that for f ∈ G(λ) (0 < λ ≤ 1), the following sharp inequalities
holds. In the present paper we aim to study the logarithmic coefficients |γ n (f )| for f ∈ G(λ) and prove that the above conjecture is true and sharp. To do this, we establish a correspondence between family G(λ) and a family related to sinusoidal spiral, denoted ST ss (λ). Additionally, we prove the growth, distortion and rotation theorem for functions f in the class G(λ) and N (λ) and present some coefficient estimates in ST ss (λ).
We also note that in the various families of analytic functions the absolute square series of logarithmic coefficients satisfy the sharp inequalities. For example, the logarithmic coefficients γ n (f ) of every function f ∈ ST (β) satisfy the sharp inequality
with the equality for the Koebe function of order β [17] . Also, in the class G(λ) the logarithmic coefficients satisfy the inequalities [13] ∞ n=1
where Li 2 (dilogarithm function) is defined as follows
Very recently, a new subfamily related to the domain bounded by the sinusoidal spiral
with 0 < λ ≤ 1, was defined [7] . The sinusoidal spiral SS(λ) intersects the real axis at the origin and (u, 0) = (2 λ , 0) and its maximal slope angle to the real axis equals (πλ)/2, see 
Now, let us denote
where the branch of the logarithm is determined by q λ (0) = 1. The function q λ (z) is convex univalent in D for each 0 < λ ≤ 1 and maps the unit circle onto a spiral SS(λ). The power series of q λ is of the form
Fundamental properties of the family related to SS(λ)
In this section we present some basis results for functions related to the domain SS(λ). Next, we find a relation between G(λ) and ST ss (λ), that leads to determine the sharp bounds for logarithmic coefficients in G(λ).
). By ST ss (λ) we denote the subfamily of ST consisting of the functions f and satisfying the condition
where ≺ denotes the subordination.
The condition (2.1) also means that the quantity zf (z)/f (z) lies in a domain bounded by the spiral SS(λ). The geometric properties of q λ imply recurrence inclusions, below.
Let F λ,n ∈ ST ss (λ) be given by
Then, the function F λ,n (z) is of the form
and is extremal for various problems in ST ss (λ). Especially for n = 1 we have
and setting λ/m instead of λ with m, n = 1, 2, . . ., we obtain the following form (2.5)
A special case (n = 1) of F λ/m,n gives (2.6)
Also, let N f be given by
We observe that G f and N f of f ∈ S are the functions with the power series expressed in terms of logarithmic coefficients that has the consequences in the next part of our study.
For functions F λ/m,n and F λ given by (2.5) and (2.4) the transform G and N yield Let m, n = 1, 2, . . . and 0 < λ ≤ 1. Then, the logarithmic coefficients of G F λ/n,n and F λ,n are the following
Also, for m ≥ n, we have
Relations between G(λ), N (λ) and ST ss (λ)
In this section, we study the relationship between the classes G(λ), N (λ) and ST ss (λ), and determine the theorems of growth, distortion, and rotation in the families G(λ) and N (λ). By discovering such a new relation we are able to confirm the truth of the inequality conjectured in [11] .
In order to prove our main results we will use some useful following lemmas concerning subordination. Let us denote by Q the class of functions f that are analytic and injective on D \ E(f ), where E(f ) = {ζ : ζ ∈ ∂D, lim z→ζ f (z) = ∞} , and are such that
and there exits a real number m ≥ n ≥ 1 for which 
, then g is also univalent and convex in D.
Theorem 3.5. Let p(z) = 1 + p 1 z + · · · be analytic function in the unit disk D with p(z) ≡ 1. If
then there exists n ≥ 1 such that
Proof. Since p(z) ≡ 1, thus there exists k ≥ 1 such that p k = 0, where p k is the kn-th coefficient in the expansion of the function p(z). Suppose, on the contrary, that p(z) ≺ q(z) on D. Then by Lemma 3.1 there exist z 0 ∈ D and ζ 0 ∈ ∂D with ζ 0 = −1 such that
Thus
But the above contradicts the assumption (3.1) and therefore p ≺ q on D follows.
Letting p(z) = zf (z)/f (z) in Theorem 3.5, we obtain the following corollary.
Corollary 3.6. If a functions f defined by (1.1) satisfies the following condition
We note that
,
therefore the Corollary 3.6 may be rewritten as The class ST ss (λ) is a subclass of the class of starlike functions, hence by the corollary 3.8, we can obtain a representation in the class G(λ). Namely, f ∈ G(λ) if and only there exists a function g ∈ ST ss (λ) such that
where G g is given by (2.7). Setting now p(z) = f (z)/z we have zp (z)/p(z) = zf (z)/f (z) − 1 and Theorem 3.5 gives:
If a functions f defined by (1.1) belongs to the class N (λ), then there exists n ≥ 1 such that f (z)/z ≺ (1 + z n ) λ/n in D and
Alternatively, f ∈ N (λ) if and only there exists a function g ∈ ST ss (λ) such that
where N g given by (2.8).
Theorem 3.10. If a function f with the power series (1.1) belongs to the class G(λ), then
where G F λ/n,n given by (2.9). Especially for n = 1, we have
where G F λ given by (2.10).
Proof. Let h(z) = f (z)/z. Then h(z) + zh (z) = f (z). Application of the corollary 3.8 enables us to write
and use of Lemma 3.2 to the above relation, gives
Theorem 3.11. The function G F λ/n,n (z) z is convex univalent in D for each 0 < λ ≤ 1 and n ≥ 1 (not normalized in the usual sense). Especially
Proof. The function (1 + z n ) λ/n for each 0 < λ ≤ 1 and n ≥ 1 is univalent and convex. Taking Applying Corollary 3.9, we immediately obtain.
Theorem 3.12. Let f ∈ N (λ) given by (1.1). Then for |z| = r < 1 the following inequalities hold true
Equalities hold for the function f (z) = N F λ (z) given by (2.11) or its rotation.
Theorem 3.13. Let f ∈ G(λ) given by (1.1). Then for |z| = r < 1 it holds
The above inequalities are sharp; equalities hold for f (z) = G F λ (z) given by (2.10) or its rotation.
Proof. Proofs of (i) and (ii) easily follow from corollary 3.8 and (iii) follows from Theorem 3.10.
Logarithmic coefficients in the class G(λ)
Based on the results of the previous section we obtain a sharp bounds of logarithmic coefficient in the class G(λ). 
All the inequalities are sharp.
Proof. Let f ∈ ST ss (λ). Then the relation (2.1) can be rewritten as
which, in terms of the coefficients, is equivalent to
By Rogosinski result for coefficients of subordinate functions [14] , we obtain 2n |γ n (f )| ≤ |B 1 | = λ from which (4.4) follows. The result is sharp for F λ,n (z) given by (2.3) for that we set zF λ,n (z)/F λ,n (z) = q λ (z n ).
In order to prove (4.2), let f ∈ ST ss (λ). Applying repeatadly RogosinskiâĂŹs theorem [14] on the subordination relation, and (4.5) we obtain
which proves the assertion (4.2) if we allow N → ∞. The inequality (4.2) is sharp for the function f (z) = µF λ,n (µz), given by (2.3), where µ is a unimodular complex number.
Denote now g(z) := f (z)/z. Function g is analytic in D and such that g(0) = 1. Moreover, by (4.4), g satisfies the relation
Since q λ (z) − 1 is convex in D and q λ (0) − 1 = 0 then, using Lemma 3.3 we conclude
Then
Application of the Rogosinski theorem [14] gives
which proves the desired assertion |γ n (f )| ≤ λ 2n(n + 1) (n = 1, 2, 3, . . . ) .
The inequality is sharp.
Proof. Let f ∈ G(λ). Then, the relation (3.7) is equivalent to
In terms of the logarithmic coefficients the previous relation is equivalent to
2γ m n, G F λ/n,n z m = 2γ n n, G F λ/n,n z n + · · · (z ∈ D).
A simple computation shows that γ n n, G F λ/n,n = λ/(2n(n + 1)). Since the class of convex univalent functions is closed under convolution [18] then, making use of Corollary 3.7 and Theorem 3.10, the function
is convex and univalent in D. Applying now Rogosinski result and (4.8) we obtain 2 |γ m (f )| ≤ λ n(n + 1) (m = 1, 2, . . . ) .
The above inequality is sharp for the function f (z) = G F λ/n,n (z) given by (2.9) for which 2γ n n, G F λ/n,n = λ/(n(n + 1)).
We note that for N = 1, 2, . . . |γ
Below, we present the another way to obtain estimate of the coefficient bounds of the functions in families G(λ) and N (λ). Let the function f ∈ G(λ) be given by (1.1). Then |a n | ≤ λ/(n(n−1)) (n ≥ 2). Equality holds for G F λ/(n−1),n−1 defined by (2.9).
Proof. Let f ∈ G(λ) be given by (1.1). Then, by Corollary 3.8, there exists n ≥ 1 and h ∈ ST ss (λ/n) such that
that is equivalent to ∞ n=2 a n z n = 2 ∞ n=2 n − 1 n γ n−1 (g)z n , where γ n (g) is a logarithmic coefficients of g. By Corollary 4.2 we have |γ n−1 (g)| ≤ λ/(n−1) 2 , and then we conclude |a n | ≤ λ/(n(n − 1)). The inequality is sharp for g = F λ/(n−1),n−1 or alternatively f = G F λ/(n−1),n−1 . Note that for function G λ given by (2.10), we have a n = λ(λ − 1) · · · (λ − n + 2) n! (n ≥ 2) , and so |a n | ≤ λ/(n(n − 1)) is satisfied.
Theorem 4.6. If a function f ∈ N (λ) is of the form (1.1) then |a n | ≤ λ/(n − 1) for n ≥ 2.
Equality holds for N F λ/(n−1),n−1 defined by (2.11).
Proof. Let f ∈ N (λ) be given by (1.1). Then the Corollary 3.9 implies that there exists n ≥ 1 and h ∈ ST ss (λ/n) such that
From (2.8), we obtain ∞ n=2 a n z n = 2 ∞ n=2 (n − 1)γ n−1 (g)z n , and applying Corollary 4.2 we get |γ n−1 (g)| ≤ λ/(n − 1) 2 . Thus, we conclude |a n | ≤ λ/(n − 1) and inequality is sharp for g = F λ/(n−1),n−1 . On the other hand f = N F λ/(n−1),n−1 . Note that for function N λ (z) = z(1 + z) λ , we have a n = λ(λ − 1) · · · (λ − n + 2) (n − 1)! (n ≥ 2)
and so |a n | ≤ λ/(n − 1) holds.
Coefficients bounds in ST ss (λ)
In this section, we determine a sharp upper bound on coefficients and the Hankel determinant H 2 (2) = a 2 a 4 − a 2 3 in class ST ss (λ). Also, we find the sharp order of growth for the coefficients of functions in ST ss (λ).
We recall first the well known result on the relations between initial coefficients in a well known class of Schwarz functions.
Lemma 5.1. [5] Let ω be the Schwarz function with the power series ω(z) = ∞ n=1 w n z n . Then
for some complex number ξ, ζ with |ξ| ≤ 1 and |ζ| ≤ 1. The inequality is sharp.
Proof. Let the function f of the form (1.1) be in the class ST ss (λ). Then there exists a Schwarz function ω(z) = ∞ n=1 w n z n , such that
Equating coefficients of both sides of (5.1) we obtain
Then we have
Now, we use of Lemma 5.1, and write the expression w 2 and w 3 in terms of w 1 . Since the Hankel determinant H 2 (2) is invariant under the rotation, thus without loss of generality we assume x = w 1 with 0 ≤ x ≤ 1. Next, applying triangle inequality, we obtain
It is easy to check that the function g(|ξ|) is increasing on the interval [0, 1]. Thus g(|ξ|) attains its maximum at |ξ| = 1, i.e., g(|ξ|) ≤ g (1) . Consequently
Since the expressions at x 2 and x 4 are negative in both cases, we obtain
and the assertion follows. The function F λ,2 or one of its rotations given in (2.3), shows that the bound λ 2 /4 is sharp. Proof. The functions (1 + z) λ belong to the space of functions analytic and bounded in D, denoted by H ∞ [7] . Taking into account the results in [6] we conclude the theorem.
Theorem 5.4. Let f ∈ ST ss (λ) given by (1.1). Then for real number δ, we have sharp inequalities
Proof. From (5.2) we have
Application of the estimates for the Fekete-Szegö functional in the class of Schwarz functions with t = (4δλ − 3λ + 1) /2 [1] establishes the inequalities. When (3λ − 3) /(4λ) ≤ δ ≤ (1 + 3λ) /(4λ), equality holds for f is equal to F λ,2 (z) given by (2.3) or one of its rotation. If δ > (1 + 3λ) /(4λ) or δ < (3λ − 3) /(4λ) equality holds for f is equal to F λ (z) given by (2.4) or one of its rotation. Let F x and G x be given by The straightforward coefficient estimates follows from (5.2) and Theorem 5.4, below.
Corollary 5.5. If f ∈ ST ss (λ) is of the form (1.1), then
The first inequality is sharp for function f (z) = µF λ (µz) and the second for f (z) = µF λ,2 (µz), where µ is a unimodular complex number.
Corollary 5.6. Let the function f ∈ ST ss (λ) be given by (1.1). Then
The inequality is sharp for function f (z) = µF λ,2 (µz), where µ is a unimodular complex number.
Let f ∈ S given by (1.1). Then F (z) = z/f (z) is a non-vanishing analytic function in D and 
Proof. Let f ∈ ST ss (λ) given by (1.1). From (5.5), we have c 2 − δc 2 1 = a 3 − (1 − δ)a 2 1 . Application of Theorem 5.4 with 1 − δ gives the inequalities. The inequalities are sharp for the functions
where µ is an unimodular constant and functions F x and G x (0 ≤ x ≤ 1) given by (5.4) .
